Abstract. We present some necessary and sufficient conditions such that the (Arens) extensions of a bi-derivation on Banach algebras are again bi-derivations. We then examine our results for some Banach algebras. In particular, we show that the (Arens) extensions of a bi-derivation on C * −algebras are biderivations. Some results on extensions of an inner bi-derivation are also included.
Introduction
Let A be a Banach algebra and X be a Banach A −module. A bounded bilinear mapping D : A ×A −→ X is called a bi-derivation if it is a derivation in each argument. For example, for every x ∈ Z(X ) := {x ∈ X ; ax = xa for all a ∈ A }, the mapping (a, b) → x[a, b] is a bi-derivation ([·, ·] stands for the Lie bracket), which is called an inner bi-derivation implemented by x. To give a non-inner bi-derivation, it is easy to verify that for every non-zero (bounded) derivation δ : A → A on a commutative Banach algebra A , the map (a, b) → δ(a)δ(b) : A × A −→ A , defines a non-inner bi-derivation. Bi-derivations are studied from many different approaches, the main one is based on the study of commuting maps. A bounded linear map h : A → X is said to be commuting if [h(a), a] = 0 for every a ∈ A . A commuting map h gives rise to a bi-derivation (a, b) → [h(a), b]. For more applications of bi-derivations in some other field, see the survey article [5, Section 3] . Some algebraic aspects of bi-derivations on certain algebras were investigated by many authors; see for example [4, 10] , where the structures of bi-derivations on triangular algebras and generalized matrix algebras are discussed, and particularly the question of whether bi-derivations on these algebras are inner, was considered.
In this paper we study the (Arens) extensions of a bi-derivation. The main motivation comes from the papers [6, 9, 13] , where the extension of derivations from a Banach algebra A to certain Banach modules have been investigated. Let δ : A −→ X be a derivation, the question "is the second adjoint δ * * of δ a derivation?" was studied by Dales et al. in [9] , for the special case X = A * . They showed that δ is a derivation if and only if δ * * (A * * ).A * * ⊆ A * (see [9, Theorem 7.1] ). Then Mohammadzadeh and Vishki answered the question for a general dual Banach A −module X * , (see [13, Theorem 4.2] ). Barootkoob and Vishki [3] have also generalized the results of [6, 9, 13] . We also provide some conditions under which the extensions of an inner bi-derivation is again an inner bi-derivation.
Preliminaries
In [2] Arens showed that every bounded bilinear map f : X × Y −→ Z on normed spaces has two natural but, in general, different extensions f * * * and f t * * * t from X * * × Y * * to Z * * . The third adjoint f * * * is defined recursively by f * * * = ( f * * ) * and f
Then f * * * : X * * × Y * * −→ Z * * is the unique extension of f such that f * * * (·, n) and f * * * (x, ·) are w * −continuous for every n ∈ Y * * , x ∈ X . Similarly f t * * * t : X * * × Y * * −→ Z * * is the unique extension of f such that f t * * * t (m, ·) and f t * * * t (·, y) are w * −continuous for every m ∈ X * * , y ∈ Y ; where the flip map
If f * * * = f t * * * t then f is said to be Arens regular. Some characterizations for the Arens regularity of f are proved in [13] .
For the multiplication π : A × A −→ A of a Banach algebra A , π * * * and π t * * * t are called the first and second Arens products of A and will be denoted by and ♦, respectively. A Banach algebra A is said to be Arens regular if the multiplication map π is Arens regular, or equivalently = ♦ on the whole of A * * . For example, every C * −algebra is Arens regular; to see a proof for this fact and also for the complete account on Arens regularity of Banach algebras one may refer to [7, 8] and references therein.
Let A be a Banach algebra, X be a Banach space and let π : A × X −→ X , π r : X × A −→ X be bounded bilinear maps. Then the triple (π , X , π r ) is said to be a Banach A −module if π (ab, x) = π (a, π (b, x)), π r (x, ab) = π r (π r (x, a), b) and π (a, π r (x, b)) = π r (π (a, x), b) for every a, b ∈ A and x ∈ X . Throughout the paper, when there is no ambiguity, we usually write X instead of (π , X , π r ).
For a Banach A −module (π , X , π r ) it is obvious that (π t * t r , X * , π * ) is a Banach A −module which is called the dual of (π , X, π r ). A direct verification also reveals that (π * * * , X * * , π * * * r ) is a Banach (A * * , )−module while (π t * * * t , X * * , π t * * * t r
In the next result we provide a necessary and sufficient condition such that the third adjoint D * * * of a bi-derivation D : A × A −→ X is again a bi-derivation. Theorem 3.2. Let (π , X , π r ) be a Banach A −module and let D : A × A −→ X be a bi-derivation. Then D * * * : (A * * , ) × (A * * , ) −→ X * * is a bi-derivation if and only if for every a ∈ A , τ ∈ X * the bilinear maps D(a, b) , c) and
are Arens regular.
Proof. For arbitrary elements m, n, p ∈ A * * put {a α }, {b β }, {c γ } be bounded nets in A , converging in w * −topology to m, n, p, respectively. Note that X * * as an (A * * , )−module is equipped with the module operations given by (π * * * , X * * , π * * * r ). Then
On the other hand,
Therefore, D * * * (·, n) is a derivation if and only if
or equivalently, for all a ∈ A , π * * * r (D * * * (a, p), n) = π t * * * t r (D * * * (a, p), n).
And the latter is equivalent to the Arens regularity of ϕ a . Similarly we shall prove that D * * * (m, ·) is a derivation if and only if ψ τ is Arens regular for all τ ∈ X * . To do this, first we have (1) D * * * : (A * * , ♦) × (A * * , ) −→ X * * is a bi-derivation if and only if for every a ∈ A , τ ∈ X * the maps D(a, b) ) and
(2) D * * * : (A * * , ) × (A * * , ♦) −→ X * * is a bi-derivation if and only if for every a ∈ A , τ ∈ X * the maps (D(a, b) , c) and
(3) D * * * : (A * * , ♦) × (A * * , ♦) −→ X * * is a bi-derivation if and only if for every a ∈ A , τ ∈ X * the maps
Hereafter we only work with the first Arens product.
Parallel to the results [9, Theorem 7.1] and [13, Theorem 4.2] about the extension of a derivation, in the next result we present the same characterization for the extension of a bi-derivation.
Theorem 3.4.
Let A be a Banach algebra and let X be a Banach A −module. Then the third adjoint D * * * :
Proof. By Theorem 3.2, D * * * is a bi-derivation if and only if the maps ϕ a and ψ τ are Arens regular for every a ∈ A and τ ∈ X * . On the other hand, by [13, Theorem 2.1], ϕ a and ψ τ are Arens regular if and only if ϕ a * * * * (X * , A * * ) ⊆ A * and ψ τ * * * * (A * * , A * * ) ⊆ A * . Now the conclusion follows from the fact that D * * * * (π r t * * * * (X * , A * * ), a) = ϕ a * * * * (X * , A * * ) and π * * * * * (D * t * * * * t (A * * , A * * ), τ) = ψ τ * * * * (A * * , A * * ).
In the next result, we focus on the inner bi-derivation and study with some conditions under which the third adjoint of an inner bi-derivation is again an inner bi-derivation.
Theorem 3.5. Let X be a Banach A −module and let D : A × A −→ X be an inner bi-derivation implemented by x ∈ Z(X ). Then the following assertions are equivalent.
(a) D * * * : (A * * , ) × (A * * , ) −→ X * * is an inner bi-derivation implemented by x.
Proof. First note that the condition x ∈ Z(X ) implies that x ∈ Z(X * * ). That (c) is equivalent to (d) follows trivially. For the equivalency (a)⇔(c), let m, n ∈ A * * and let {a α }, {b β } be nets in A , w * −converging to m and n, respectively. Then for every τ ∈ X * , = lim α π r t * t * * * (n, D * * * (a α , p)), q = lim α π r * * * t * t (n, D * * * (a α , p)), q = π r * * * t * t (n, D * * * (m, p)), q ; as claimed.
In the next result, we are concerned with some necessary and sufficient conditions for the (Arens) extension D * * * of a dual valued bi-derivation D : A × A −→ X * to be a bi-derivation.
